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ABSTRACT: We comment on the relationships between several supersymmetric lattice mod-
els; the “orbifold lattice theory” by Cohen-Kaplan-Katz-Unsal (CKKU), lattice regulariza-
tion of the topological field theory by Sugino and the “geometrical approach” by Catterall.
We point out that these three models have close relationships; the A/ = (2,2) model by
Catterall [[l] and the two-dimensional N = (2,2) lattice theory being similar to Sugino’s
construction [E] can be derived by appropriate truncation of fields in the two-dimensional
N = (4,4) orbifold lattice theory by CKKU [[]. Catterall’s N’ = (2,2) description pos-
sesses extra degrees of freedom compared to the target N = (2,2) theory. If we remove
those extra degrees of freedom in a way keeping supersymmetry on the lattice, Catterall’s

description reduces to a model of the Sugino type.
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1. Introduction

Recently, several lattice gauge theories which preserve partial supersymmetry on the lat-
tice are proposed []-[[4]."! The main purpose in these models is to solve the fine-tuning
problem in lattice regularizations of supersymmetric gauge theories. The models utilize the
topological twisting [R4, 5 to pick up the subset of superalgebra which does not include
the infinitesimal translation. In this way, the partial supersymmetry can be preserved on
the lattice which explicitly breaks the infinitesimal translational invariance.

!There are other several supersymmetric lattice models which are not treated in this paper [@7@]



There are several types of the model: The series of models proposed by Cohen-Kaplan-
Katz-Unsal-Endres [J—[f are “orbifold lattices” which are constructed from reduced super-
symmetric matrix models by the orbifold projection [Pf] and the deconstruction 7. In
their way, the orbifold projection generates the lattice theory with preserved subset of su-
persymmetry of the target theory. The deconstruction dynamically generates space-time
by the vacuum expectation value ﬁ of bosonic link fields, where a denotes the lattice
spacing.

The other approach, proposed by Sugino [}, [fj-[[J], are lattice regularizations of the
“topological field theory action” which is equivalent to the extended supersymmetric gauge
theory. In his approach, the BRST-like supercharges are preserved on the lattice because
such charges do not generate the infinitesimal translation.

Catterall proposed models [fll, [[3, [[4] which are based on the Kahler-Dirac formalism
and the lattice analogue of differential forms [B§]. In his models, the 1-form and 2-form fields
have to be complex because they are in the bi-fundamental representation of the lattice
gauge group and the hermiticity cannot be maintained under gauge transformations. Since
the counterparts of these 1- and 2-form fields in the target theory are hermitian, Catterall’s
models have extra degrees of freedom which we have to discard in the path-integral. If one

performs such truncation in a naive way, supersymmetry on the lattice would be broken.

Seemingly, these three types of model are quite different. There exist, however, close
relationships between them. We will clarify such relationships in this paper. This inves-
tigation of the relationships would be very useful to develop the lattice formulations of
supersymmetric theories. First, in section 2, we show that Catterall’s N = (2,2) action [I]
can be embedded in CKKU’s V' = (4, 4) action [{] under suitable field truncation. Then, in
section 3, we explain the relationship between Catterall’s “complexified” N = (2, 2) lattice
theory and Sugino’s theory of ref. [fJ]. For Catterall’s model to contain the correct numbers
of degrees of freedom compared to the target N' = (2,2) theory, we have to truncate extra
degrees of freedom. If we perform the truncation in a way keeping the supersymmetry
on the lattice, Catterall’s model becomes the N = (2,2) model being similar to Sugino’s
model. Finally, in section 4, we explain that the N' = (2,2) supersymmetric lattice model
of the Sugino type can be directly derived from CKKU’s N = (4,4) lattice theory by re-
stricting fields. We also explain that the derivation discards the quantum fluctuations of
scalar zero modes around the vacuum expectation value ﬁ In section 5, we also give a
continuum analogue of the truncation of degrees of freedom. By this truncation, we can
obtain the continuum N = (2,2) super Yang-Mills theory from the continuum N = (4,4)
super Yang-Mills theory. Section 6 is devoted to conclusion and discussion.

2. Relationship between the N/ = (4,4) CKKU model and the N = (2, 2)
Catterall model

Here we explicitly show that Catterall’'s N' = (2,2) lattice model can be obtained by
truncating certain fields in the N' = (4,4) CKKU model.



2.1 Q-exact form of the N = (4,4) CKKU model

We explain the N' = (4,4) supersymmetric lattice theory proposed by CKKU in ref. [{
very briefly. Here we neglect the soft supersymmetry breaking mass term in their theory.?
The action of the theory (eq. (3.14) of ref. [{]) is

_ (1 1 = = 1=
S=)» Tr [ / dodo (—rnrn +—=Sn(ZinZin —Zin-6,Zin o) — —EnEn>
— 2 V2 2

+ /dé’ (Eij En Zi,nzj,nJréi) - /dé <€ij EnZinte; Ljn ] ;

where the sum over site n = {n;,ny} is taken in the interval n; o € [1, N] and €; and &

being unit vectors in ny and no directions, respectively. The superfields are defined by

Zin=2in+V200in—V200(Z3n2in — ZinZ3n+8;)
Zin=7Zin+ V2066 +V200(Z3n16,Zin — ZinZsn)

En = &0+ V20Gn — V200(Z3n18,+6,830 — Z3,nl3n) »
n = Xn— V208G, + V200(Z3,nXn — XnZnte,462) s (2.2)
Sn = 230 + V2030 + V20An + V200id, ,
Yo =An— 0<z'cin + [Z3.m; z37n]+> — V200[Z3.11, Mn)

Tn = T;Z)?;,n + é (ZJn - [23,1’15 Z3,n]> + \/59@[23,]0, T;Z)?;,n] )

[11]

with

= an - \/ieij ZinZjn+é;,
= Gp — \/561']' Ei7n+éj Zjn, (23)

n = dn — Z(zi,nféizi,nféi - Zi,nzi,n)-

Cin
Cin

In these expressions, 6,  are one-component Grassmann super coordinates. All variables
are M x M matrices satisfying periodic boundary conditions on the lattice, and there is
an independent U(M ) symmetry associated with each site which becomes the U(M) gauge
symmetry of the continuum theory. The indices 7, j run over 1 and 2 and all repeated indices
are summed. The variables z, (a = 1,2,3) and Zz, refer to complex bosonic variables and
their conjugates, while A, x, 1, and &, refer to one-component Grassmann variables. Here
dn, Gn, Gy are auxiliary fields originally introduced in ref. [ff]. These auxiliary fields are
integrated out yielding dp = Gn = G = 0.

2In CKKU’s models, there are flat directions in the scalar potential allowing large fluctuations around
ﬁ. To stabilize the lattice structure, CKKU introduced the soft SUSY
breaking mass terms. In this section, we will investigate their model without such mass terms.

the vacuum expectation value



The supersymmetry on the lattice can be read off from eq. (R.9). It is
02in = iV2NVin,
5zi,n = ieij \/5?_7@‘711,

i = 27 [%inZ3 nte; — Z3,n%in);

6&in = —2i€;j 1 [ZjnZ3n — Z3,n+8,;Zjn);
533,n = Z\/i (77 7[)3,n +n An)a
(2.4)
523,n =0,
5¢3,n =17 ([zi,n—éi Zin—&; — Zi,nzi,n] - [23,1’15 Z3,n] + Z'dn),
0An = —in ([zi,nféizi,nféi - Zi,nzi,n] + [23,n7 ZS,n] + Z‘dn) )
5Xn == Zﬁ [2(21,n22,n+é1 - 22,nzl,n+é2) - \/5 én]a
083n = =i [2(Z1ntesZ2.n — Z2.n+6,21,n) — V2Gh),
and
6Gn = 2in (€ij (ZinVjn+e, — VinZin+s;) + (F3nXn — XnZ3n+e +82)) s
0Gn = —2i1] ( > (Einte,bin — &GimteZin) + (Fantei+enlan — 53,n53,n)>,
i.j, with i (2.5)
5dn = _ﬂn(zi,nféiwi,nféi - wi,nzi,n + [23,n7 ¢3,n])
+ V27i(€ij (2injn — &jn-s;%in—8;) + [Z3.n> An])-
We may express the supersymmetry transformation by using two supercharges
§ = inQ +inQ. (2.6)

These charges @, @ can be realized in terms of independent Grassmann coordinates § and
0 as

0 — - 0
Q:%‘{’\/ia[z?n']*’ Q:£+\/§9[23’ ']*’ (27)

where the operation [Z3, - |* represents the lattice gauge transformation with the parameter
z3. This operation [Z3, - |* acts on generic fields P, living on the links as

[23, Pn]* = Z?;,nPn - Pnz?),n-i-riéia (2'8)

where we have assumed that the link under consideration connects two sites n and n-+17;6é;.
This rule is applied to 2; n, ¥ n, Xn and Gp. Similarly, for the anti-oriented link fields Py,
such as Zin, éi,n, 53,n and Gy,

[235 Pn]* = z3,n—|—7"iéiPn - PnZB,n- (2-9)

For site fields P, which are z3 n, An, ¥3n and dy, the operation is simply the commutator
[Z3.m, PL]* = [Z3.n, PL). Auxiliary fields Gy, Gn, dpn and their transformation laws (R.7) are



introduced to make the algebra,? Q> = Q% = 0 and

{Q.Q} = —2v2[zs, |, (2.10)

to hold off-shell.
We define the BRST-like charge Q by

1 _
Q=— — , 2.11
% Q-9 (2.11)
which induces
in,n = ¢i,na Q¢i,n = \/i(ZB,HZi,n - Zi,nz?),n-‘réi)a
QZin = —€ii&jn, Qin = \/§6ij(53,n+éj Zjin — ZjnZ3,n)s
QZ3,n = ¢3,n — An, Q(¢3,n - >\n) = \/5[23,1’1, Zn]a
Qdn = i[Z3,n, Y3, + An), Q(thsn + An) = —V2idy,
QX = é Qan = \/5(23,an - Xn23,n+é1+é2),
Q§3 - é Qén - \/5(23,n+é1+é2§3,n - §3,nz3,n)7
QZ3n = 0. (2.12)
This charge Q also satisfies
0? = V2[zs, |, (2.13)

where the right hand side is the gauge transformation with the parameter z3.
Now, for our purpose, it is crucial to rewrite the action (@) in a Q-exact form. Then
it can be confirmed that the action is Q-exact

1
=—0E 2.14
5= 5595 (214)

_ _ 1 5 _ _
= = Zn: |: Tzz)?) n — )[ZB,rla Z3,n] + %(w&n + An)[ldn - 2(Zi,n—éizi,n—éi - Zi,nzi,n)]

+ f3,n(én +2v2€;52i nZjnte;) + Xn(Gn + 2\/§€ij2i,n+éj Zjn)

+ V29 n(Zin?3n — #3048, Zin) + \/ieijgi,nféj(zj,nféj Z3n — 23 n-8, Zj,nféj)]-
(2.15)

We will use this form to clarify the relationships.

2.2 The N = (2,2) Catterall model

Catterall’s N = (2, 2) supersymmetric lattice gauge theory [} is based on the fact that the
N = (2,2) supersymmetric Yang-Mills theory can be regarded equivalently as a topological

3Be careful that there is the minus sign in eq. () which cannot be appear from the anti-commutation
relation in the representation of super coordinates eq. (@) This difference comes from the fact that the
left operation of supersymmetry group corresponds to the right motion in parameter space as described in
the textbook written by Wess-Bagger [@]



field theory [R4]. The continuum action is thus expressed by an exact form by using a
nilpotent supercharge @)

S = BQTr/d%c (in[qﬁ,&] — 2ix12F12 + x12B12 + ¢uDu$> (2.16)

where ¢, ¢ are bosonic scalar fields, Bz is a bosonic anti-symmetric two tensor field, Fs is
a field strength of vector gauge fields A,,. 7, ¥, x12 are fermion fields with one component
spinor index. 7 is regarded as a scalar and 1), are vectors and x12 is an antisymmetric two-
tensor under twisted rotational symmetry. Parameter (3 represent the inverse of the square
of gauge coupling. Here, all fields are taken in the adjoint representation C = ) C*T*
where T% are anti-hermitian generators in the gauge group and C® are real. The gauge
symmetry is unitary U(M). D, is a covariant derivative with the adjoint representation
using the anti-hermitian matrices A,. Indices ¢ run from 1 to 2 which represent the
directions in two dimensional Euclidean space.

2.2.1 Catterall’s lattice action

In constructing the lattice action, Catterall utilizes the Kahler-Dirac formalism and the
lattice analogue of differential forms. He applied the criterion such that each scalars,
vectors and antisymmetric two-tensors should be put on sites, links, and the plaquettes,
respectively, on the lattice. Therefore, scalar fields ¢, ¢ and 1 are put on sites and vectors
Ay, 1, reside on links and anti-symmetric two tensors x12, Biz reside on plaquettes. Then

Catterall’s action is given as?

51 = ~6QTr Y (71000, 50)] - ixha(0) Fiale)  ixaae) Fia o)

+ (%XIZ(m)Bm(x) + %XlQ(x)BIQ(x)

1 - 1 -
+§¢L(x)D;¢(x) + iw“(x)(D:gb(x))T)) (2.17)
where Uj 2 are bosonic link variables defined as U, = er and Fio are field strength of
gauge fields defined as

whose continuum limit is Fia(z). Df{ is covariant version of forward difference acting on a
scalar field f(x) and a vector field f,(x) as 2]

D:f(x) = Uu(x)f(x +p) — f(x)UM(x),
Dyi fu(x) = Uu(@) fo (@ + 1) — fu(@)Uu(z +v). (2.19)
“We change the notation of Catterall model a little bit. The difference from the original notation in his

papers [[ll, is as follows: In the action (, we change the parameter 3 as —(. To take the continuum
limit ( ) consistent with the anti-hermitian condition n' = —n imposed later on, this change is required.

We also change the notation x 1y Fi2, x12F]5 to —ixlsFi2, —ix12F,. By this change, the kinetic term of
gauge field can be taken as positive definite .7-"12.7-"12 after the integration of auxiliary fields BlgBLA If we
do not change the notation, kinetic term of the gauge fields becomes 7.7-'12.7-'12. For the same reason, we
also change the 2x12F12 to —i2x12F12 in the target action (R.14).



Note that, compared to the target theory (R.16), several new fields nf, ¢, aT’ Q,Z)L, x|
and BIQ, appear in his action. These conjugate fields transform as complex conjugate of
original fields 7, ¢, ¢, Yy, x and Byz under gauge transformation. Such conjugate fields are
required to preserve the lattice gauge symmetry and naturally appear in the Kahler-Dirac
formulation as described in section 3 of ref. [fl].

His Q-transformation is defined by

QU =y QU =y,
Qi =D}, Qu)l, = —(Di o),
Qx12 = B2, QXJ{Q = B1r2a
QB2 = [, X12](12)7 QBIQ = <[¢7X12](12))T,
Qb =n, QF =1,
Qn = [, 4], Qn' = ([¢, )",
Qe =0, (2.20)

where the superscript notation indicates a shifted commutator

(6, x4 = &)X (7) = Xy ()0 + p+ ). (221)
Note that the Q-transformation laws satisfy following property
Q* = (gauge transformation with the parameter ¢). (2.22)

2.2.2 Extra degrees of freedom in Catterall’s theory

In the lattice action (P-I7), there are extra degrees of freedom which the target theory
does not have. Variables ¢, ¢, 7, Yu, X, B12, A, on the lattice are defined with general
complex matrices C = ) (C® + iD*)T*, where C* D* are real, while the variables in
the target theory are defined with anti-hermitian matrices C = > C*T*. This is because
the vector and tensor fields reside on the links and plaquettes, which are bi-fundamental
representation under the lattice gauge group. The gauge transformation laws of generic
vector fields f,(x) and anti-symmetric two tensors f,,, (x) are assumed to be

fu(@) = V(@) fu(@)V (@ + p),
Fu(@) = V(@) fu @)V (@ + p+ v), (2.23)
where V(z), V(zr+p) and V(z+ p+v) are independent unitary matrices. Anti-hermiticity

of the bi-fundamental variables cannot be maintained under the gauge transformation since
the following equality is not always satisfied

—(V(@) fu@)V(z+mHT = V(e + p) fu@)V (@) = V(@) ful@)V(z + p)f,
~(V(@) fu @)V (@ + p+ ) = V(e + p+0) fu @)V (@) = V(@) fu @)V (e +p+0),

due to the independence of gauge matrices V(z) and V(x+p), V(x+p+v). Then such link
and plaquette fields must be complexified as (C® + iD%)T®. Therefore the new conjugate



fields 7, ng,ET, Q,Z)L, xt, BI2 are independent of 1, ¢, @, Y,y X Bi.% Link gauge field U, are
also complexified, which are not unitary matrices, namely,

Up(x)Uf (x) # 1. (2.24)

They are defined as U, (z) = e4(*) with complezified gauge fields A, (r) whose hermitian
conjugate AL(JU) are not equal to —A,(z).

The continuum limit of the action (R.17) is different from eq. (R.16). The degrees of
freedom in eq. (R.17) are described with the general complex matrices > (C* + iD%)T
while the target theory (2.16) is defined with anti-hermitian matrices ), C*T.

2.3 Correspondence between N = (4,4) CKKU lattice theory and Catterall’s
action

If we neglect one Q-multiplet, ¥3 n +An and dy, the CKKU’s N =(4,4) lattice action (2-19)
and the Q-transformations (R.12)) are same as the Catterall’s action (2.17) and his Q-
transformations (2.20). One can check the equivalence by identifying the fields as follows:

Ur(z) < V221, P1(7) & V21,
U (z) < V2210, Yl(z) & —V26n
Us(x) & V22, Ya(z) & V24n
Ul(z) & V2zZn, Pi(x) & V261 n,
¢(z) & V2230, ¢(x) & V2Z3n,
X12(x) € —iv2xn, Xia(2) & iV2sn,
Biy(z) & —~iv/2Gh, Bl,(x) < iv/2Gn,
Fia(z) & 26a, Fly(w) & 28],
(z)

n(z) < V230 — An), (2.25)
where
En = 21,n?2,n+&; — 42,n?1,n+8&s >
El = Zante Zin — Z1ntesZ2n- (2.26)

Here, in eq. (2:2§), the left hand sides of the symbol < are the fields in Catterall’s theory
and the right hand sides are fields in CKKU’s theory.® Due to the complexification of the
link and plaquette fields in “N = (2,2)” Catterall’s model, link fields Uu(x),U;i(x), etc

°It is not necessary to complexify the site fields 77, ¢, ¢. They can keep the anti-hermiticity under
the gauge transformation since they are in the adjoint representation. Therefore nT = -, aJr = —¢ and
@' = —¢ can be taken on the lattice. Not only such a condition but also the condition nf = 7, ET = ¢ and
' = — can be taken.

In eq. ()7 we impose the condition

=3 n'=n o' =0, (2.27)

on the site fields.



of the Catterall’s model can be identified as the complex link fields z; n,Zin, etc of the
“N = (4,4)” CKKU model in the above correspondence. Note that dpn is a partner of
130 + An under the Q-transformation

QJn - i[EB,na T;Z)?;,n + )\n]a Q(¢3,n + >\n) = _\/Eidna (2-28)

as in eq. (B.19). Other fields, except for Z3 , whose O-transformation is QZz3 , = 0, do not
appear in this transformation. Therefore the absence of the set dp and Y3 n + An does not
affect the Q-transformation laws of other fields. Moreover, since the set Jn and Y3 n + An
exists only in one term

1 5 _ -
QY Tr—(¥sm + An)lidn — 2(Zin—s,%in—s, — ZinZin)] (2.29)
. V2
among the terms of CKKU action (R.1), the action (R.13) keep the Q-exact form and the
O-symmetry under the truncation. As a side remark, correspondences among the symbol
of lattice sites and the gauge coupling of both theories are x < n, — 3 & #.

3. Relationship between Catterall model and Sugino’s model

As described in section R.2.3, Catterall’'s N = (2,2) action has extra degrees of freedom
which do not present in the target N' = (2,2) theory. Therefore it is necessary to truncate
the extra degrees of freedom to identify his model with an NV = (2,2) lattice model which
contains the correct number of degrees of freedom of the target theory. If this is performed
in a naive way, breaking of the supersymmetry on the lattice would be resulted. There exists
a way of truncation which does not break the supersymmetry on the lattice. Then, we find,
after this truncation, that the Catterall’s theory becomes the N = (2,2) supersymmetric
lattice gauge theory being similar to the Sugino model in ref. [B].

3.1 N = (2,2) lattice model by Sugino

To explain the derivation of the N' = (2,2) Sugino type model from the Catterall’'s N' =
(2,2) lattice action, we briefly explain the Sugino’s original N = (2,2) lattice model in [.

His lattice action is

S = Qg S me) 6(2), 3(@)] — ix(@)® (@) + x(2) H()

d
320 () - U@t + 0, | e)
pn=1
where
O(z) = —i[Ur2(x) — Un ()], (32)
and Uy, (z) are plaquette variables
Uw(x) = Uu(z)U,(x + )Uy(z + N, @)t (pr=1,2) (3.3)



The target action of this model is the N’ = (2,2) super Yang-Mills action. In this model,
the gauge fields are promoted to the compact unitary variables

Uu(z) = 't Au(@) (3.4)

on the link (x,z + u). ’a’ stands for the lattice spacing, and = € Z2. All other fields sit on
sites. Note that he uses the dimensionless variable in his paper. The Q-transformations of
this model are as follows

QUA(w) = it} (2)Up(2),
QUl(x) = it} (@) (x) — i (B(x) = Up(@)o(a + 1)U (@)')
Qo(x) = 0,
QX(z) = H(z), QH(x) = [¢(x), V(x)],
Q) = =), Qn(x) = [#(x), $(=)] (3.5)

These Q-transformations satisfy following property
Q?* = (infinitesimal gauge transformation with the parameter ¢ ). (3.6)

The action (B.1) is invariant under the Q-transformation since the action (B.1) is written by
the Q-transformation of gauge invariant quantity. After the Q-operation, the action (B.1)
takes the form

+ix(2)Q(@) =i > vl (x) (n(x) — Up(@)n(z + 1)U, (@)")

p=1

3.2 Derivation of the N = (2,2) Sugino type model by a truncation of extra
degrees of freedom in the Catterall’s model

In this subsection, we show that the Catterall’s N' = (2, 2) lattice model becomes N = (2,2)
lattice model of the Sugino type if we truncate extra degrees of freedom in the Catterall’s
model by a way keeping supersymmetry on the lattice.

,10,



We start from the Catterall action

Sp = —BQTr) (in*<m>[¢<x>,¢<x>] — ix}y (@) Fra (@) — ixiz (@) Fra()!

n <1XI2($)312($) + %Xlz(ﬂf)BIz(m)

2
1 - 1 -
—i—;ﬁﬂ(m)DIé(m) + §¢M(m)(D:¢(x))T>> , (3.7)
and the Q-transformation laws (2.2()

QUM = % QU;E = wfu
Qi =—D/o, Quf, = —(Dif o),
Qx12 = Bz, QXJ{Q = BIQa
QBIQ = [¢a X12](12), QBIQ - <[¢?X12](12))T5

Qo =1, Qo =,

Qn = [¢, 9], Qn' = ([ 9])',

Qo =0. (3.8)

If we can possess the following property of Q-transformation (B.22);
Q? = (gauge transformation with parameter ¢) (3.9)

even after truncation, we can keep supersymmetry under the truncation.
To perform such truncation, we take the constraint Uu(x)Ui(x) = 1, namely AL(x) =
—A,(x) at first. Since Uﬂ(x)Ui(x) = 1 is not dynamical quantity, we obtain following

conditions
QUK)UL(=) =0, QUu) = (@), QUL() = v(x). (3.10)
By this condition, IbL(.%') is described with v, (z) as
Yhi(@) = ~Ul(2)$u(2)Uf (), (3.11)
and ¢L(m) is no longer independent of 1, (x). Then if we define a site fermion fields v, ()
as
V(@) = u(2)UL (@), (3.12)
two fermions ¢, (x) and Q,Z)L(x) are described only by one fermion variable v, (z) as
Yu(x) = Q,Z)L(x)Uﬂ(x), ¢L(m) = —Uﬂ(x)TQ,Z)L(x). (3.13)
This ¢/, (z) becomes naturally anti-hermitian since
W (@) = Wu(@)UL ()" = Uu(@)e(2) = —0u(@)Ul(2) = ) (2). (3.14)

This anti-hermitian property can be kept under the gauge symmetry since the site fields
are adjoint representation. Then we take 1%(3:) as a fundamental fermionic variable rather
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than 9,,(z). From this expression and the Q-transformation of v,,; Qv (z) = ¢(x)Uu(x) —
Uu(z)p(x + ), the Q-transformation law of 1y, () is obtained naturally as

QY (z) = (Qupu(x)U)(x))
= (QUpu(2) U} (z) = Yu(2)(QU/ ()
= ¢, (2)¢),(z) + (d(x) — U(z)o(z + p)Uj(x)). (3.15)

These conditions Uu(x)U;i(m) = 1 and the eqgs. (B.10) -(B.15) give a way to truncate extra
degrees of freedom in gauge fields Uu(x),U,I(x) and their partners 1, (x), wL(x) without
breaking of the supersymmetry on the lattice.

For ¢(2), B(x), n(z), we impose 5(z) = —n(x), 3 (z) = —3(x) and f(z) = —(x)
to remove the extra degrees of freedom. This condition can be kept under the gauge
transformation since they are in adjoint representation. Since each ¢ and ¢' compose the
Q-multiplets with 7 and n' respectively, this condition does not break the supersymmetry
on the lattice.

To truncate extra degrees of freedom in y12, X]im Bjs and BIQ without breaking of the
supersymmetry, we impose following constraints

x12(z) = x(z)Ur(2)Us(x + 1),

xla(@) = ~Ud(z + U (2)x(@), (316)
Blg(x) H(.%')U( )UQ(.%'+1),

Bly(z) = ~Uj(z + 1)U{ (2)H(z).

Here x(x) and H (x) are anti-hermitian site fields. x(z) and H (z) are obtained by absorbing
the link gauge fields U,(x) to x12(z) and Bia(z) as x(z) = x12(x)Us(x + 1)TU; (x)" and
H(z) = Bia(2)Us(x +1)TUi (). By the above condition, XJ{Q(.%') and BIQ(.%') are no longer
independent of x12(z) and Bja(x), the degrees of freedom in these fields are reduced to
two anti-hermite fields x(z) and H(z). By performing the Q-transformation on right hand
sides and left hand sides of the above definitions eq. (B.14), one can immediately check that
the @Q-transformation on x(x), H(z);

Qx(x) = H(z) + x(2)¥} (z) + x (@)U () (x + 1)U (z) (3.17)
QH(z) = ¢(x)x(z) — x(@)U1(x)Uz(z + 1)¢(z + 1+ 2)U3 (z + 1)U (z)
—H(2)y} (z) — H(x)Us (2)¢h(x + 1)U{ (2) (3.18)

is obtained consistently. Note that Q? acts on these x(z) and H(z) as the infinitesimal
gauge transformation with the parameter ¢, namely

Q*x(x) = [¢(x),x(2)], Q*H(x) = [¢(x), H(x)]. (3.19)

By these conditions,

(x5(2)Bra(@) + x12(2) Bly(2)) (3.20)

N |
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becomes

—x(z)H (z). (3.21)

One can check it by substituting eq. (B.16) to the Catterall action (B.7). The term

—ixlo(2) Fra(@) — ixaa (@) Fly(x) (3.22)
becomes
ix(z)®(x) (3.23)
where
®(z) = Uy (2)Us(z + DU (x4 2)UJ (2) — Up(2) U (& + 2)UJ (2 + DU (). (3.24)
Another term
+%1,Z)L(¢)D:[q_5(x) + %T,Z)H(x)(D:q_S(x))T (3.25)
becomes
~U(2)(6(2) = Upd(z + p)U}(x)). (3.26)

It can also be checked by substitution of eq. (B.13) to the action (B.7). Therefore, Catterall’s
action (B.7) becomes

5= 80T Y Gn(m)[qﬁ(w), 1) + (o) Ha) ~ i0(a) )

T

—(2)(d(x) — Upd(@ + M)Ul(w))> (3.27)

in the truncation. The Q-transformation laws are

(x) ,
(z) + (¢(@) — Un(@)p(a + p)Uj(2)),
Qx(x) = H(z) + x(2)¢ (z) + x(2)U1 ()9 (2 + 1)U] (x)
(z) )

QH(z) = ¢(x)x(x) — x(2)U1(2)Us(x + 1)z + 1 + 2)Uf (z + 1)U] ()
—H ()¢ (x) — H(z)U1 ()¢ (z + 1)U] (2)
Qd(x) = (),
Qn(x) = [p(x), d(x)]
Qo(x) = 0. (3.28)

,13,



The Q-transformation laws (B.§) become eq. (B.2§) by the truncation. After the Q-
operation, this action (B.27), becomes

51 = 53T ({1600, 3@ + H()(H ) ~ i9)

~U (@) (2) (@) + Upd (e + p)U (@)

~(9(2) = Updla + U () (@(x) = Upd(z + m)UL()) = () [é(), ()
~x(@) ($(@)x(@) = X(@)01 (@)Va(x + Do(w + 1+ U} (@ + YU (@)

+ix(2)U1 (2)Us(z + 1)Q(US (z + 1)Uf (x) — U (w + 2)Un ()
~ix(2)Q(Ui (2)Us(a + 1) — Uz(2)Ux (w + 2))U3 (x + 1)U (z)

(@) () — Ul + M)Ul(w))> | (3.29)

1

This action egs. (B.27), (B:29) has a correct continuum limit eq. (2.1q) while the original
Catterall action (B.]) does not have.
Note that the action (B.27), (B.29) is almost same as Sugino’s action (B.1) and (B.7).

Only the fermionic terms

~x(@) ($(@)x(@) = X(@)01 (@)Va(x + Do(e + 1+ U (@ + YU (@) (3.30)
and

+ix(2)U1 (2)Usz(z + 1)QUS (z + 1)U (z) — U (& + 2)Un())
—ix(@)QU(2)Us(x + 1) — Us(2)U (z + 2))UJ (z + U] () (3.31)

are different from their corresponding terms —x(z)[¢(z), x(x)] and ix(z)Q®P(x) in Sugino’s
original model (B.1)), (B.4). After the integration over the auxiliary field H(x), the gauge
kinetic term

o3 ) = o3 1 Ura() — Un (2))? (3.32)

is obtained. This is same as the gauge kinetic term in Sugino’s original model. Therefore,
also the action (B.27), (B.29) has the vacuum degenerate problem which the original Sugino
model encountered in ref. [f].”

Also the @-transformation laws after the truncation (B.2§) are almost same as the Q-
transformation laws of the Sugino’s model (B.). Only the transformation laws of auxiliary
field H(z) and its partner x(z) in (B.2) are different from the Qx(z) = H(z) and QH (z) =
[¢(z), x(x)] of Sugino’s original model.

As a result, Catterall’s model becomes the theory which is almost same as the Sugino’s

theory by the truncation of extra degrees of freedom which does not break supersymmetry.

"Sugino has proposed several treatments to solve this problem in refs. [E, E]
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4. Relationship between Sugino’s model and CKKU model

Due to the two relationships described in section 2 and 3, it is obvious that the model of the
Sugino type can be derived by the truncation of degrees of freedom in the CKKU model.
Due to the relationship between CKKU model and Catterall’s model, the method to derive
the Sugino type model from the Catterall’s theory is applicable to derive the model of the
Sugino type from CKKU model. Since the explanation of the derivation is mere repetition
of the description in the subsection B.J, we put off the explanation of the derivation in the
appendix A.

In this section, we explain that the derivation discards the fluctuations along the
flat-direction around the vacuum expectation value ﬁ of scalar potential existing in the
CKKU model .

To explain it, we explain the deconstruction and the fluctuation in the CKKU model
at first. Then we explain that the derivation truncates such fluctuations.

4.1 The deconstruction and the fluctuations along the moduli space in CKKU
model

To realize the kinetic term in CKKU model, performing the “deconstruction” is re-
quired.(see also section 3.3 in ref. [i].) The deconstruction is the field redefinition of the
bosonic link fields z; , expanding around the vacuum expectation value

1
— 1y,
\/§aM

where the 1, is M x M unit matrix and the a is interpreted as lattice spacing.

(zin) = (4.1)

To perform the expansions, there are two ways of representations; Cartesian decom-
position and the polar decomposition. These two decomposition give the same continuum
limit as Unsal proved in ref. [B(]. CKKU adopts the Cartesian decomposition, eq. (3.16)
in ref. [, which represents the complex link variables by the sum of hermitian matrices
and the antihermitian matrices. But, to perform the derivation of the Sugino type model,
we have to adopt the polar decomposition [Bq-BJ].

In the polar decomposition, the bosonic link fields z;,z; (i = 1,2) are uniquely repre-
sented as a product of hermitian matrices (1 + s;) (i = 1,2), which represent a radial
direction and so have positive eigenvalues only, and unitary matrices U;

1 1 _ 1 1
Zin = NG (ElM + Sz‘,n> Uin, Zin= ﬁUzT,n <51M + 3i,n> ; (4.2)

where lattice spacing ﬁ and the scalar fields s; , sit on sites and U; 5, are link fields written

by the gauge fields v; , as U;, = €'@in. Comparing with the Cartesian decomposition in
ref. [g], this representation of decomposition has advantage of the manifest gauge symmetry.

This representation is required to keep the gauge symmetry under the truncation.

8In this section, we take into account the the flat-directions of moduli space while we neglect such effects
in section 2; we showed the relationship between the CKKU model and the Catterall model without the
consideration of such effects.
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Note that, in the CKKU model, the lattice spacing is dynamical quantity characterized

as the vacuum expectation value ﬁ of scalar potential. The scalar fields s; are fluctuations

around the %a

The CKKU action has noncompact moduli space consisting of all constant scalar fields
satisfying [s1,s2] = 0. The integral of these modes are formally divergent, the expan-
sion ([£2) is then poorly defined. (Even if we take the Cartesian decomposition taken in
ref. [{], such instability of the vacuum occurs.) To suppress the large fluctuation along the
flat directions, the original CKKU model introduced the moduli fixing mass term

2
_ 1\? 1 1\? 1
Zn:Tr <z,~7nz,~7n— 2_cﬂ> ] = Zn:TrZ <<si7n+a> - ¥> : (4.3)

4.2 Truncation of the flat-direction by the derivation of the Sugino type model

When we derived the model of the Sugino type from the Catterall model, we imposed the
condition that the link variables become unitary, namely,

Uu(2)Uf(z) = 1. (4.4)

Therefore, from the correspondence between the fields of CKKU model and the ones of
Catterall model (2:27), complex link fields z; » in the CKKU model become “unitary” link
variables to derive the model of the Sugino type. This means that dynamical degrees
of freedom which correspond to radial directions of the links z;, z; are discarded in the

derivation, namely,
1 | —

Zin = Uin, Zin= U'n,
) \/5(]/ ’ ) \/5(1/ 1,

where the vacuum expectation value ﬁ cannot be removed since the link fields z;, z; have

(4.5)

mass dimension 1.

Note that the derivation of the Sugino type model from the CKKU model discards the
fluctuations s; around the vacuum expectation value é Then, also the large fluctuations
of s; along the flat-directions which cause the serious instability of the vacuum are removed
under the derivation. Therefore we do not have to introduce the moduli fixing mass term
in the derived Sugino type model. Moreover we can derive the model of the Sugino type
from the CKKU model even if we introduce the moduli fixing mass term ([L.3),

2
1\? 1 1\? 1
RS (—2—)]:2T4 ((+) —;) (1.6

in the CKKU model. This is because the mass term naturally vanishes under the truncation

Sin = 0.

5. Corresponding truncation in the continuum theory

The derivation of the Sugino type model from the CKKU model (or Catterall model) can
be interpreted as the lattice analogue of the derivation of the continuum N = (2,2) theory
from the continuum N = (4,4) theory by the truncation of several Q-multiplets.
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We first consider the continuum N = (4, 4) supersymmetric gauge theory action

S = % /deQE (5.1)

93

=T | ol 6]+ (HT —i€%) +xa(Hn —i&1) + xo(Hz —i2) + %{wﬁwﬁ [si,a}] :

E® = —2(Dysy + Dysy),
&1 = 2(Dysy — Daysy),
Ey = 2(i[s1, s2] + Fi2),
Fiy = —i[Dy, Ds).

Here the indices p, 4 run from 1 to 2, and the repeated indices are summed. s;, ¢, ¢ are
bosonic scalar fields and H®, H; are auxiliary fields and v, are gauge fields. The others
Ys;r Yus Y, x; are fermionic fields. The all fields are in adjoint representation of the gauge
group. D, is the covariant derivative. Q-transformation laws are

Qsi = (¥s,), Qvs; = [0, 81,

Qo =1, Qn = [¢, 9],

Quy = Py, QY =iD,¢,
Qx* = HF, QH"™ = [¢,x"),

Qx: = H; QH; = [¢,xi] (i = 1,2),

Qo =0. (5.2)

In each Q-transformation law of each Q-multiplet, only the components of the multiplet
and ¢, whose transformation is Q¢ = 0, appear. Also note that the twice operation of
@ generates the infinitesimal gauge transformation with the parameter ¢. The action
is invariant under the Q-operation since it is written as @Q-transformation of the gauge
invariant quantity.

To derive the N = (2, 2) supersymmetric theory from the N' = (4, 4) theory, we discard
following Q-multiplets;

1. x® and H®, which are contained only in the term y®*(H® —i£®) among the terms in
= of cq. ()

2. x1 and H; contained only in the term xi(H; — i)

3. s; and 1), contained only in %1/)51, [si, ] and 2x2[s1, s2].

If we substitute the condition

si=vs =X =H'=H =x1 =0, (5.3)
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the action (f.1]) reduces to
1 =
Se2 = = / d>zQ=' (5.4)
92

—/
= ="Tr

116,91+ X(H — i€) + %{wum}]
where

& = 2(F2),
F12 = —i[Dl,DQ].

Z in eq. (b)) reduces to the above gauge invariant quantity Z' under the truncation.
Note that the absence of the three ()-multiplets s; and s, etc does not change the
Q-transformations of other fields. This is because only the remaining fields 7, ¢, etc,
which survive under the truncation, appear in the Q-transformation laws of the remaining
fields. Moreover the condition (f.3) is kept under the Q-transformation. Also note this ac-
tion (F.4)) is also written as the Q-operation on the gauge invariant quantity Z’. Therefore
the action (f.4) keeps the Q-symmetry. This action (f.4) is equivalent to the continuum
N = (2,2) supersymmetric gauge theory. Finally, we obtain the N = (2,2) theory by the
truncation of degrees of freedom in the N' = (4,4) theory.

The derivation of the Sugino type model from the CKKU model (or Catterall model)
is the lattice analogue of the derivation of this continuum A = (2,2) theory (5.4) from
N = (4,4) theory.

6. Conclusion

In this paper, we clarified the relationship between several, seemingly quite different, super-
symmetric lattice models preserving supersymmetry on the lattice. First we showed that
Catterall’s model can be embedded in CKKU’s model as a sub-sector. Also we clarified
that a model of the Sugino type naturally appears when we truncate the degrees of freedom
in Catterall’s model in a way which does not break the supersymmetry on the lattice. We
also show that the N' = (4,4) CKKU model can give the Sugino type model if we truncate
the fluctuations around the vacuum expectation value ﬁ and other degrees of freedom.

These relationships would indicate an underlying essential structure which any lattice
formulations preserving partial supersymmetry possess. Further understanding of this
structure would be very useful to develop lattice formulations of supersymmetric gauge
theory.

Since the Catterall’s lattice model and the model of Sugino type can be built also
from the CKKU lattice model which is constructed from super matrix model, we would be
able to utilize the super matrix model analysis for these lattice formulations. There is a
possibility that also Catterall’s model and the Sugino type model could be described using
the matrix model analysis.
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A. Derivation of the N = (2,2) Sugino type model from CKKU model

We will explicitly show the derivation of the Sugino type model from the V' = (4,4) CKKU
lattice model. Here we utilize the technology to derive the N' = (2,2) lattice theory from
N = (4,4) lattice theory proposed in ref. [BJ).

At first, we truncate some scalars and auxiliary fields by imposing dp = s; = Y3 n+An =
0. After this truncation, the expansion eq. (f.2) of the bosonic link fields Zin, Zin become

1 1
2 e _
7,1 \/50] \/50]

Note that Z; , are no longer independent of z; , due to the absence of the scalar fields

Ul (A.1)

Ui,l’la Zin = in’

sin. Since only the scalar fields s; can give the dynamical fluctuations and the radiative
corrections of lattice spacing, the lattice spacing ﬁ is no longer dynamical quantity. The
product of these two link fields z; , and the Z; , combine the non-dynamical lattice spacing

as ZinZin = ﬁ Therefore, we can take a condition that the OQ-transformation of the
product z; nZin = # vanishes. Thus, from eq. (A.1]), we immediately obtain
1 _ L ot ij
Qzin = EQUm =Yin,  QZin= EQUm = —€7&n,
1
ZinZin) = Q— = 0. A2
QeinZin) = Q5 (A2)

From egs. (@), (@), we obtain the constraints between fermions 1; and €;;&;
— €ijjn = ~Ul qinU] . (A.3)

By this definition, half of degrees of freedom in complex fermion fields 1; , and &; » are
discarded. ; n are no longer independent of v; ,. Due to the relationships (A.3), we can
represent the above link fermions 1); n, § n by absorbing the link variables as

T;Z)i,n = Z'T,Z)fle’,n, (A4)
_E’ijé.j,n = _iU@j:n il? (A5)

where 1%, are site fermions in the adjoint representation. The Q-transformations of the site
fermions ¢ are naturally obtained as

) o 1/ _
Q’[/}f,l = \/ia w;lp; — Za <Z3,n - Ui,nz3,n+iUlj;n> . (A6)
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We can also discard the half of degrees of freedom in the fermion fields xn and &3, by

imposing the condition

Xn = —X/nUl,nUz,nJrél, (A.7)
53 UQT ,n+é; UI,HX;’U (AS)

where x}, is a site fermion. By this condition, xy, is no longer independent of £3 . The trun-

cation of the degrees of freedom in the bosonic auxiliary fields Gy, G are also performed
by absorbing the link fields as,

Gn = Q£37n = U; n+elUinHl’l
= — (V2061018 U] nXo — V2aUJ 115 €20Xh + U 16, Ul n Qo)

an = QXn = _HnUl,nUQ,nJrél
= —(OXaUinUsnte, — \/iaxlnwl,nUZ,n—i—él - \/iaX;aUl,ann—i—él)a (A.9)

where H,, is a bosonic site field. The Q-transformation laws of xi, and H, are
QXp = Hn + i\/iawiX;a + i\/iaUl,n%zH-él UlJr,nX:m

QH, = \@(—(Xiﬁs,n ~ Ut Uz ntei 2801614608 ny, Ul nXi)
+iaUn¥2 6, U] yHn + iawlllHn> . (A.10)

The above conditions egs. (A.9)-(A.10) in N' = (4,4) CKKU lattice theory are almost
same as the truncation conditions eqs. (B.1()—(B.1§) which derive the model of the Sugino
type from Catterall’s model in the subsection B.9. Then, the property

Q? = (infinitesimal gauge transformation with parameter z3) (A.11)

is kept even after the truncations. Therefore, the N' = (4,4) CKKU lattice action can be
truncated to N' = (2,2) lattice action with a preserved supercharge Q. The N' = (2,2)
lattice action is described as follows,

S = 2—;2 = (A12)
where
E = ZTT [ (V3,0 — An)[Z3,n, 23,0 (A.13)
FDHn — () + 2 G~ UinzsmiaUla) [, (A1)
O = —i (UinUnse, U] 10, Udn = UanUtnts Ul e, Ul ) - (A.15)
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The Q-transformations of the fields in eq. (A.17) are summarized as
QUin = itpUin,
; s -
Q¢i1 = \/aniﬁb; - Za <23,n - i,nz3,n+éiUin) 5
QZB,n = 0
Q= Ha + V20050 + 1V 2001846, U i

QH, = V2 < ~ (XnZ3.n — UnUznie, Zante+6,Us nye, Ul nXn)
+iaU17n1/}1?1+é1 UI,an + ZawrllHn) ’
QZ3,n = ¢3,n - An, Q(w?;,n - >\n) = \/5[23,n, Z3,n]' (A'16)

After the Q-operation, the action becomes
1
S
n

+ Z (Z3 n—U; 23 n+8; an> (ZS,n - Ui,nz3,n+éi U;r,n>

V2

(Z3.n,s 23,n)° + 2HnHy — i~z Hn®n

—E(T,Z)?,,n - )\n)[EB,n, (¢3,n - An)]

_2\/§X/n(537an XnUl nU2 n+8é;23,n+8;+8& U2 n+é UlJr n)

2
— Z 2\/51/1;1% (23,n + Ui,nz3,n+é1 U;r,n>
pn=1

V2
+?X;1U171’1U2,n+él Q(UT 1,n+é; Ug,n UQT n+é; leJr n)
V2

+?X;Q(U1,HU2,n+é1 - U2,nU1,n+é2)U2 n+é; Uirn

(A.17)

2
=132 208 (G2~ M) ~ Uinlms, — Mmra)UL)
=1

One can confirm that the Q-transformation ([A.14) and the action ([A:13), (AI7) are
almost same as Q-transformation in the Sugino’s model (B.J) and his action (B.), (B4).
by following identifications,

n(x) < V2a*2 (P30 — An), B(z) & V2a 230,
xX(z) & V2d*%x,, H(z) & vV2a2Hy,
Uu(z) < Ui, U () & V2a3 2
¢(x) & V2aZsn,
P, Q < a'/?Q,
25118 %‘Z—A‘ (A.18)
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Only the several fermionic terms in eq. (A.17)
V2

+?XIUULHU27“+@1 Q(Uir,nJrég U;r,n - U2T,n+é1 Uir,n)

V2
+?X/nQ(U1,nU2,n+é1 - U2,nU1,n+é2)U;r’n+é1 Ule (Alg)

and
_2\/§Xlrl(z37nxlrl - Xanf,nUZn-l-él Z3n+81+8 U;,n—i—él Uf,n) (A20)

are different from their corresponding terms n(x)[¢p(x), n(z)] and —ix(z)Q®P(x) in the orig-
inal Sugino model (B.7). In the O-transformation laws eq. (A.16)), only the transforma-
tion laws of auxiliary fields and their partner x,, are different from ones of the Sugino’s
model (B.§). Then the N' = (2,2) lattice gauge theory of the Sugino type is derived from
the /' = (4,4) CKKU lattice theory by the suitable truncation of fields.

Although we have derived from the CKKU model without moduli fixing mass term,
we can derive the same model even if we introduce the moduli fixing mass term

2
_ 12 1 1\ 1
; Tr <Zi’n2i7n — Tﬂ) ] = ; Tr Z ((SLH + a) — 9) (A21)

in the CKKU model. This is because such mass term naturally vanishes under the trun-

cation s; , = 0.
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